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In this paper, we shall study differential geometric properties of bounded domains in Cn. Here is the summary of our results.
We consider an w-dimensional complex manifold M and the Hilbert space of square integrable holomorphic re-forms on M. After Bergman [3; 4; 5], we define the kernel form on M (instead of the kernel function) and, under certain assumptions, we define the invariant metric of Bergman. This method of generalizing the theory of S. Bergman (although the generalization is not essential) allows us to define the Bergman metric on certain compact complex manifolds.
Some elementary properties of the kernel form and the Bergman metric (mostly already classical) are studied for the sake of completeness. Then we reexamine the theorem of H. Cartan on the group of holomorphic transformations of a bounded domain from the differential geometric point of view.
We study also differential geometric properties of a manifold M which admits a discontinuous group D of holomorphic transformations such that M/D is compact. It should be noted that such a manifold possesses properties similar to those of a homogeneous manifold.
Bremermann has studied the bounded domains with the following property (P): the kernel function goes to infinity at every boundary point [8] . He has shown that a bounded domain with the property (P) is a domain of holomorphy and that the converse is not true. (The same result has been obtained also by Sommer and Mehring [22] .) Making use of this result, he has proved that if a bounded domain is complete with respect to the Bergman metric, then it is a domain of holomorphy.
Since the kernel function is not intrinsically defined, the property (P) is not intrinsic. We consider, therefore, a condition which is stronger than (P) but which is intrinsic. This condition can be roughly stated as follows: if K is the kernel form and / is a square integrable holomorphic re-form, then (f/\J)/K goes to zero at every boundary point. We shall prove that this condition implies the completeness of the Bergman metric. From this result it can be proved, for instance, that every bounded analytic polyhedron is complete with respect to the Bergman metric. As a preparation for the above study of "completeness," we shall prove that a manifold with the Bergman metric can be isometrically imbedded, in a natural way, into a complex projective space (of infinite dimension, in general).
Finally, we shall give examples of manifolds (beside the classical bounded
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[August domains) which admit the Bergman metric. Before we finish this introduction, we add some remarks. The idea of using the square integrable holomorphic re-forms can be found in [28] and has been discussed by E. Calabi at the Summer Institute on Differential Geometry held in Seattle in 1956. An example of algebraic manifold admitting the Bergman metric is due to Calabi.
1. Kernel functions and invariant metrics of Bergman. In this section we recall the definition of the kernel function and the invariant metric of a bounded domain in the complex ra-space C" due to S. Bergman.
Let M be a bounded domain (i.e., a connected open set) in Cn with coordinate system z1, • • • , z". The set F ol all holomorphic functions/ on M which are square integrable forms a separable complex Hilbert space. Let ho, hx, h2, ■ ■ ■ he an orthonormal basis for F. Then Bergman. Define d2 log K(z,z) ds2 = >.-dz"dz9. dzadzt> Then ds2 is a positive definite Kaehler metric on M which is invariant under the holomorphic transformations of M. This metric, which is associated intrinsically with the complex structure of the manifold M, is called the Bergman metric.
Note that, in the above definition of F, we made use of a coordinate system z1, • • • , 3" which is well defined throughout M. Given a complex manifold M (not necessarily a bounded domain), we do not have, in general, a coordinate system in the large. We consider, therefore, holomorphic ra-forms instead of holomorphic functions.
2. Kernel forms. Let M he a complex re-dimensional manifold. Let F he the set of holomorphic re-forms f on M such that I f fA'f < ».
The vector space F is a separable complex Hilbert space with an inner product given by (fuh) = (-1)"2'2 f/iA/2. J M It should be noted that F may be finite dimensional (this is the case if M is compact).
K the kernel form of M.
If z is the point of M corresponding to a point z of M, the set of points (z, z) of MXM is identified, in a natural fashion, with M. Hence, K(z, z) can be considered as a 2re-form on M. 
Let fi, fiCEF. Then, for every point z of M, there exist real numbers
If Ci =0 or d/ci k 1, then we say that/i A/i ^fiAfi at z.
Theorem 2.2.
, then an n-form fCEF satisfying the above equality is unique up to a constant factor c with \ c \ = 1 and is characterized by the following two properties:
(a) (/,/) = L (b) (/, /') = 0 for all f'CEF which vanish at z.
Proof. Fix a point z in M and let F' be the set of re-forms f'CEF which vanish at z. If F' = F, then our theorem is trivial. Suppose F't^F. Let ho be an element of F which is orthogonal to F' and has the unit length. Let g be any element of F such that g(z) ?±0. Let c be a complex number satisfying g(z) =cho(z). Then g -cfa is in F'. Hence, F is spanned by F' and fa. Given z in M, we can choose, therefore a complete orthonormal basis ho, fa, fa, • ■ ■ for F in such a way that fa(z) j^O, hx(z)=fa(z)=
• ■ • =0. This implies immediately Theorem 2.2. Then /* is a function holomorphic on F-{z0} and can be expanded in a Laurent series in z1 around the origin. Since/ is square integrable, f fdz1 A dz1
has to be finite. (It is, of course, essential here that/* is holomorphic.) From this, we can conclude that/* is a power series in z1 around the origin. (See the reasoning of p. 363 in [8] .) Hence/ can be continued holomorphically to 717", where M" is the union of M' and the nonsingular points of (M-M').
Since M-M" is a subvariety of M and dim (M-M") <dim (M-M'), we can conclude our theorem by induction.
Theorem 2.5. Let M and M' be complex manifolds of complex dimension re and re' respectively. Then
Proof. In the above formula, the projections from MXM' onto M and M' are omitted; Km and Km-can be considered as forms on MXM' in a natural manner.
Let ZoCEM and z0'CEM'. From Theorem 2.2, it follows that there exist forms h, h! and h" on M, M' and MXM' respectively such that (h, h) = (h', h!) = (*", h") = 1,
If KmxM' vanishes at (zo, zi), then our theorem is trivial. If it does not vanish, then h" is characterized by the properties: («", h") =1 and (h",f") =0 for every/" vanishing at (z0, z0'). More precisely, h" defined by the above two properties is unique up to a constant factor c with \c\ =1; however, h"/\h" is unique. It is easy to see that the form ( -l)nn'f\h' on MXM' possesses the above two properties. Remark. Compare the proofs of Bremermann [8] and Morita [24] . It can easily be shown that ds2 is independent of choice of coordinate system. Remark. This generalizes the theorem of H. Cartan for bounded domains. It has been proved by Meyers and Steenrod [23] that the group of isometries of a Riemannian space is a Lie group and the isotropy group at every point of M is compact. Their proof can be nowadays simplified by the theory of connections. The Riemannian connection gives rise to an absolute parallelism on the space of orthonormal frames of M. The group of isometries of M can be identified with the group of transformations leaving the absolute parallelism of the space P of orthonormal frames of M. By this method, we can imbed the group as a closed submanifold of P in a natural way, thus establishing the theorem of Meyers and Steenrod. The details can be found in [15; 16] .
We shall show that the differential geometric method is effective also for the proof of the following theorem of H. Cartan [10] . Proof is a simple calculation, hence omitted. The integral submanifold defined by X and iX is a complex 1-dimensional flat Kaehlerian manifold. It is, moreover, complete in the sense of differential geometry, because X and iX generate 1-parameter group of global transformations. (Here, it is essential that the submanifold is flat.) Therefore, the universal covering space of the submanifold is C. Proof. We have shown that (a) or (b) implies the theorem. It is also obvious that (c) implies (a).
Remark. If M is bounded domain in C", then (b) is satisfied. Hence, Theorem 3.5 is an immediate consequence of Theorem 3.7. I do not know whether Theorem 3.7 holds without conditions (a), (b) or (c). It is not known whether (c) is always satisfied or not, even for the classical bounded domains. It will be shown later that (c) is satisfied in some important cases. El-,** **** ** --g"(K Kayl ~ KayKl) (K K»T ~ K^KT).
K**
As in §2, we denote by 7? the set of square integrable holomorphic re-forms on M. Let z be any point of M and let F'(z) he the set of elements of F which vanish at z. Then F'(z) is a closed subspace of F and the orthogonal complement to F'(z) is a complex 1-dimensional subspace of F. Let ra0 be a basis for this 1-dimensional subspace with (ho, Ao) =1. Then ho is unique up to a constant c with \c\ =1. Let F"(z) he the set of elements of F'(z) such that df* =0 at z, where/* is defined by/=/*oVA • ■ ■ Adz". This definition is independent of choice of coordinate system. The orthogonal complement to F"(z) in F'(z) is a complex re-dimensional subspace. Let hi, ■ ■ ■ , h" he an orthonormal basis of this w-dimensional subspace. An easy calculation shows that (see §3)
JZ gajdzadip = IJZ dhkdhk) / K* at z.
Let z1, • • • , z" he a normal coordinate system at z; i.e., ga$ = baf (Kronecker delta) at z in terms of this coordinate system. Then, applying a unitary transformation to the basis hi, ■ ■ • , A", we may assume that * * dhk/dz' = h0-Sjk at z (j, k = 1, ■ ■ • , ra). Then N(yj) satisfies also (ii). It can be easily shown that N(yj)r\N(yj) is empty if j is different from k. Hence, there exist integers/ and mo such that, for m>m0, zm is in N(y,). Since 7V(y;) is a finitely ramified covering of the e-neighborhood of x0, the sequence zx, z2, ■ ■ • converges to y,-. Remark. Compare Theorem 5.5 with the following [20] : Let M be a complex manifold with (A.l and 2) and assume G(M) to be transitive on M. If G' is a subgroup of G(M) transitive on M, then the center of G' is discrete. This fact can be proved as follows. Let X be an infinitesimal transformation of M generating a 1-parameter subgroup of the center of G'. Since iX commutes with every element of G', iX generates a 1-parameter group of holomorphic transformations of M. In fact, let z0 be any, but fixed point of M and suppose that exp (itX)zo is defined for \t\ <e. Let z be any point of M and let cp be an element of G' such that cp(z0) =z. Then exp (itX)z can be defined and is equal to c6(exp (itX)zo) for |/| <«. Therefore, both X and iX are Killing vector fields. By Theorem 3.7 and Theorem 4.1, X has to be a zero vector field.
Remark. If M/D is compact, then G(M)/D is compact; hence G(M) is unimodular.
(In general, a locally compact group admitting a uniform discrete subgroup is unimodular) (x). If G(M) is transitive and M/D is compact, then if is symmetric in the sense of E. Cartan by a theorem of Hano[l4] . We shall study the curvature again under the assumption that if/7? is compact. Let J be a real valued function defined by (see §5) Remark. Bremermann has shown also that the converse is not true.
(') The author was informed of this fact by H. C. Wang. In the above three theorems, the assumption that M is a "bounded domain in C"" can be replaced by the one that M is a domain in a Stein manifold and satisfies (A.l and 2). It is of interest to find the proof of these theorems which does not make use of the fact that M is imbedded in a Stein manifold. 7 . Infinite dimensional projective spaces. Let H be a separable complex Hilbert space with orthonormal coordinate system f = (f°, fl, f2, • • • ). Let f and f' be points in H both different from zero. We say that they are equivalent if there exists a complex number a such that f =fflf. The quotient space of if-{o} by this equivalence relation is the projective space P(H). Let S(H) be the unit sphere in H with center at 0. Then P(H) is a quotient space of S(H). The topology of S(H) as a subspace of H induces a topology on the quotient space P(H). Then S(H) is a principal fibre bundle over P(H) with circle group.
Since S(H) is a subspace of a metric space H, S(H) itself is a metric space. The metric on S(H) induces a metric on P(H) as follows: if x and x' are points in P(H) (i.e., x and x' are fibres in S(H)), distance (x, x') =inffe»j'e»' distance (f, £"')• As H is complete and S(H) is closed, S(H) is a complete metric space. From the compactness of the fibre ( = circle group) of S(H), it follows that P(H) is also complete.
We shall define another metric on P(H) which is a generalization of the canonical Kaehler metric on finite dimensional projective space. tangent to each other; each equivalence class is a tangent vector to P(77) at x and the tangent space to P(U) at x will be denoted by TX(P(H)). Let x be a point of P(H) and let f0 be a point of 5 (77) given by f = f (t), then (dJj/dt)t=o considered as an element of 77, lies in Tx and depends only on x, as it can be easily verified. Thus, we obtain a mapping from TX(P(H)) into Tx. It is not difficult to see that this mapping is a vector space isomorphism of TX(P(H)) onto Tx. Now, consider the quadratic differential form o'er2 on 5(77) defined by d<r2 = jz dwi< -(jZfmazpdf").
As in the case of finite dimensional projective space, this quadratic differential form can be projected onto the base space P(H). We shall denote by the same symbol o'er2 the quadratic form on P(H) obtained in this manner. From the Schwarz's inequality, it follows that da2 is positive definite. 
where inf is taken over all differentiable curves joining Xi and x2. Then P(H) is a metric space.
We shall see that uniform structure on P(H) defined by the metric da2 is the same as the one defined by the metric induced from that of 5(77). Let xGf (77) and f0G5 (77) Arctan a (defined by da2).
If we make the change of parameter by a = tan t, then we obtain 2 sin t/2 and t.
This shows clearly that two metrics are almost identical in a small domain. We summarize the results of this section in the following Theorem 7.1. Let H be a separable complex Hilbert space and let P(H) be the projective space induced from H (i.e., a point of P(H) is a 1-dimensional subspace of H). As P(H) is a quotient space of the unit sphere S(H) in H such that S(H) is a principal fibre bundle over P(H) with circle group, P(H) is complete with respect to the metric induced from that of S(H), (S(H) being a subspace of a metric space H). The Kaehler metric da2 on P(H) (which is a natural generalization of the canonical Kaehler metric in a finite dimensional projective space) give the same uniform structure as the previously defined metric. In particular, P(H) is complete with respect to the Kaehler metric da2.
Imbedding
of complex manifolds into P(H). Let M be a complex manifold and let F be the Hilbert space of square integrable holomorphic w-forms in M. Let H be the Hilbert space dual to F. Let z\ • • • , z" be a local coordinate in M and let z be a point of M where this coordinate system is valid. Let j' be a mapping which sends z into an element j'(z) of H defined
This mapping j' depends on local coordinate. Evidently, j'(z) is different from zero for all z if and only if M satisfies (A.l). Assume that M satisfies (A.l). Let p' be the natural projection of if-{o} onto P(H). It follows easily that j = p' oj' is independent of local coordinate and is well defined all over M. The map j: M^P(H) is continuous and, moreover, complex analytic in an obvious sense. (The definition of complex analyticity of a mapping can be given in a similar way as the definition of differentiability given in §7.)
We define the the invariant quadratic differential form ds2 on a complex manifold M with (A.l). A simple calculation shows that Theorem 8.1. The quadratic differential form ds2 of M with (A.l) is induced from the canonical Kaehler metric da2 of P(H) by j; ds2=j*(da2).
In the same way as in the finite dimensional case, we can define the differential 5/ ol j as a linear mapping of the tangent space to if at z into the tangent space to P(H) at/(z). Then, it is easy to see that Remark. Observe that/ preserves the distance between a point of M and a point infinitesimally close to it; but the distance between two points z and z' of if is not less than the distance between/(z) and/(z'), and not necessarily equal.
If if satisfies (A.l and 2), then/ is locally one-one in the sense that for every point of M, there is a neighborhood for it such that / maps this neighborhood one-to-one into P(H). It is, however, not necessarily injective in the large.
Let z and z' be any points of M. Let F'(z) and F'(z') be the set of elements/of F which vanish respectively at z and z'. If M satisfies (A.l), then F'(z) and F'(z') are subspaces of F of codimension 1. If T^z) is contained in F'(z'), then it is necessarily equal to F'(z'); this implies that/(z) is equal to /(_')• It follows that if if satisfies (A.l) and/ is injective, then if satisfies (A.3). If z and z' are two distinct points of M, then there is a square integrable holomorphic n-form f such that f(z) ?±0 andf(z') =0.
It is easy to see that, conversely, if M satisfies (A.3), then if satisfies automatically (A.l) and/ is injective. Therefore, if if is a complex manifold satisfying (A.2 and 3), then j is an isometrical imbedding of M into P(H).
9. A sufficient condition for M to be complete. We have seen previously ( §6) that if a bounded domain in C" is complete with respect to the Bergman metric, then it is a domain of holomorphy.
But the converse is not true. In this section, we shall give a sufficient condition for a complex manifold M with (A.l and 2) to be complete with respect to the Bergman metric and shall prove that every bounded analytic polyhedron in C" is complete.
Let if be a complex manifold satisfying (A.l and 2) and F the space of square integrable holomorphic re-forms on M. Let K be the kernel form of Proof. Suppose M is not complete. Let 5 be a Cauchy sequence in M which has no limit point in M. Let j be the natural map of M into P(H) defined in the preceding section. Since 5 is a Cauchy sequence, j(S) is also a Cauchy sequence in P(H). From the completeness of P(H) it follows that j(S) has a limit point x0 in P(H). By a proper choice of basis in H, we may assume that x0 is represented by a point f0 = ( This completes the proof.
Examples.
(A). Bounded domains in a Stein manifold. Let V be an re-dimensional Stein manifold and K(V) the canonical complex line bundle over V, i.e., the bundle of holomorphic re-forms on F. As assured by Theorem A of Cartan-Serre, K(V) admits a sufficiently many holomorphic cross-sections, i.e., holomorphic re-forms on F. They are, however, not square integrable in general. Let if be a bounded domain in F. Then, every holomorphic re-form on F is square integrable on if. It can be easily shown that We shall only indicate the outline of the proof without going into the detail. We denote P"+i(C) by P"+i. Then, Cn+2-[o] can be considered, in a natural way, as a principal fibre bundle over Pn+X with group C* (the multiplicative group of nonzero complex numbers).
Let E be the complex line bundle associated with this principal fibre bundle. Let K(Pn+x) be the canonical complex line bundle over Pn+i-Then, by an easy calculation, K(Pn+i) = -(n + 2)E.
(The set of complex line bundles over a complex manifold forms an abelian group. The above notation should be understood in this sense [18] .) Let r be the degree of M. Then the line bundle given by the divisor M, denoted by [M] , is equal to rE. Let K(M) be the canonical line bundle over M. Then
on M.
Hence K(M) = (r -re -2)E\ M.
From this relation it follows that there is a natural one-to-one correspondence between the set of holomorphic re-forms and the set of polynomials of degree (r -n -2) in (re + 2)-variables, provided that (r -re -2)>0. Let H be the set of polynomial function / defined on Cn+2. Every point x of Cn+2 can be considered as an element of the dual space of H as follows: (*,/) = fix).
This mapping (injective) from C"+2 into H* (the dual to H) induces a mapping j* of Pn+x(C) into Pn(C), where N+l is the dimension of H. Evidently, j* is injective. Let j' be the injection map of M into P"+X(C). Then, the natural imbedding j of M into Pn(C) defined in §8 is the composed map j* oj'. If r = n+3, then j=j'.
(C). Examples of Stein manifolds which are not complete with respect to the Bergman metric. Let Af be a bounded domain in the complex plane C It is always a domain of holomorphy.
If Af is complete with respect to the Bergman metric, then let AF be M-ax, • ■ ■ , ak, where Oi, • • • , ak are points of Af. By Theorem 3.3, Af is not complete. The example of Bremermann [8] is a typical one of this category. More generally, let Af be a domain in C" which is complete with respect to the Bergman metric. It is a domain of holomorphy.
Let Af be the zeros of a holomorphic function / defined on Af. Then, Af-AF is a domain of holomorphy.
Since Af is a subvariety of Af, the Bergman metric of Af-Af is the restriction of that of Af by Theorem 3.3. Hence Af -AF is not complete.
Let Af be a nonsingular hypersurface of degree >re+2 in Pn+i(C). Since
